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2 $To\ddot{e}n- Vezzosi_{/}^{\backslash })|U\backslash g$ Homotopical Algebraic Ge-
ometry. Grotherndieck scheme ,





. ( $\Rightarrow$ coliniit)
Set Grotipoid Groupoid











$C$ $Ho(C)$. Toen$- l/’ezzosi$ , ,
$(C. \Phi)$ , Grothendieck
, , Homotopical Algebraic Geometry .. , ,
( ) ,
( (ff J$\dagger\grave\mp$ $-i$) Grothendieck




.. ( ) Groupoid
Segal groupoid :
Definition 2.1 (HAG2. p.64. Definition 1-3-1-6). $0\leq\forall i<\forall n$ , $\Delta$




, $N$ Segal groupoid , $N$
$X_{*}:\Delta^{op}-N$
, :
1. $\forall n>0$ , Ho $(\wedge^{r})$ :
$\prod_{0\leq i<n}\sigma,$
$:_{z} Y_{\mathfrak{n}}arrow\simeq\frac{\lambda\cross^{h}\cdot X_{1}\cross_{I}\cdot x.- 1b.l\iota_{f1}}{1\iota times}$
2. Ho$(N1$ :
$d_{0}\cross d_{1}:X_{2}arrow\simeq X_{1}x^{h}d\backslash ,d_{(\downarrow}$
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Remark. $A^{\gamma}$ Segal $gro$ iipo’ $d$ ,
Ho(A $g7^{\cdot}$oupo .
Grothendieck (Algebtaic Geometrv over Z-niodules) $Toen_{\ovalbox{\tt\small REJECT}}$
$\iota_{ezzos^{\urcorner}i}^{r}$ (Algebraic Ceometry overa niodel category
$C)$
( [AGMC’, p7 ] ) :
$F\in$ Ob$(C-.4ff)$ stack , Ho(C–Af $f^{\prime\backslash }$ ) $Ho(C-$
$Aff^{\sim_{1}\tau})$ essential irnage stack , Ho$(C-Aff))$




Deflnition 2.2 (HAG2, Definit ion 13.3.1).
1. $n=-1$ :
(a)stack , $(\backslash -1)$ - .
(b) stack $f;F-G$ , (-i)-representable
$\Leftrightarrow$ $\forall$ (-i)–geometric $X\underline{\forall}$ G. $F\cross^{h}GX:(-1)-$
(c) stack $f:Farrow G$ , $(-1)-P$
$\Leftrightarrow\forall(-1)$
$X\underline{\forall}G$ ,
$F\cross^{h}XGarrow X$ , $(-1)$ $P$-. $(-1)-P$ stack , $(-1)$ - .
2. $n\geqq 0$ ( $n-1$ ) :
(a) stack $F$ n-atlas $\{l^{r_{i}}-F\}_{\iota\in I}$ ,
$i$ . $L_{\dot{2}}^{\tau}/$ , $(-1)$ .
ii. i $arrow F$ $F$ , $(n$. $-1)-P$ ( .
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iil. $\square _{i\in J}\zeta_{1}-F$
$(|))$ stack $F$ , $n$ - :
$i$ . $F-F\cross^{h}F$ , $(n-1)- 1^{\cdot}ep1^{\cdot}$esentable.
ii. $F$ n-atlas .
(c) st.ack $f:Farrow G$ , $\tau\iota-$ representable
$<\Rightarrow$ $\forall(-1)$ –geometric $X\underline{\forall}$ G. $F\cross^{h}c_{r}X:n$
(d) stack $f:F-G$ , $n-P$ . , $n-P$ .
, $n-P$ .
$\Leftrightarrow\forall(-1)$ $X\underline{\forall}G$ , :
$F\cross^{l?}G,Y$ $n$ -
$\exists n$ -atlas $\{[\gamma_{i}arrow Fx_{G}^{h}X\}_{i\in I}$ s.t.
$\forall i\in I.$ $(C_{i}^{\prime-F\cross^{h},X}\prime carrow X)\in P$. rt $-P$ [ stack , $n-repi\cdot PSPntable$ .
Segal groupoid :
Deflnition 2.3 (HAG2. Definition 134.11. $Ho(SPr\cdot(C-.4ff^{\sim.\tau})$ Segal groupoid St
$X_{*}$ : 2 $n-P$ Segal groupoid :
1. $X_{0}$ . $X_{1}$ $r\mathbb{Z}$ -
2. $d_{0}:.Y_{1}-.Y_{0}$ $n-P$
‘ ‘ Segal groupoid
:
Remark.
$\circ$ [HAG2] ( ) Homotopical
Algebraic Geometry ( )
Lurie Derived $4rtin$ Representability Cnterion [HAG2.
Theorem C.O.9]
3 Quasi Cateogory
3.1 Quasi Category – Kan Category
Nerve
Fact. (i) $S$ ,
$\bigwedge_{i_{\backslash }}^{\prime 1}\underline{\forall\int_{l}}S$
$\prime\prime$










Deflnition 3.1. $S$ ,
$S$ $C1^{i_{J}asi}categoi\cdot y\dot{\ovalbox{\tt\small REJECT}}^{\dot{J}^{-}}\prime le$. $0<\forall i<n.$ ,
$\Delta^{n}$
Remark. quasi categorv , $Kan$ $S$ $c$ nerve $N(c)$
, quasi category , (small)category
.
Warning. small
quasi category “ ’? small
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Definition 3.4 (BOOK. Definition 1212.1. Remark 12126). quasi categorv $C$ .
$/\dot{L}^{=}$ ilobject X $\in C$ tial $\approx$
$\forall fo$ : $\partial\triangle^{n}$ – $C$ . $s.t$ . $f_{0}(\{0\})=X$ . $\exists f$ : $\Delta^{1}$ – $C$ . $s.t$ . $f|_{\partial\triangle}\prime\prime=fo$ .
Theorem 3.5. $C$ , obgect $X\in C$ initial $\approx\forall 1^{:}\in C$ $Hom_{C}^{L}(X.)\cdot)$ .




Example 3.6 ( quasi category ).
(i) $X$ $S_{*}(X)$ .
(ii) $c$ nerve $N(c)$ .
Definition-Theorem 3.7 (Lurie). $t$ ( Honi





, Hoiiit $(X. Z)$ $h$ $g\circ f$ $\}$
$\mathcal{N}(t)_{3}$ , 4 :
(1) 4 object $s:\dagger 1_{t-}’\lambda’$ . ] . $Z\in t$ .
$f\backslash \cdot.\}$ .
(2) 6 niorphisms:
$f\dagger\backslash \wedge\backslash \backslash _{\lambda}\mathscr{J}^{1’}..f\backslash \backslash ’\overline{\backslash /\tilde{I\ddagger^{1\backslash \backslash J}}}Z^{\vee}\overline{f\iota\backslash /}\prime_{J.7}$
( )
(3) 4 : $f_{1t.\}}\cdot-f\backslash \cdot.\gamma\circ f_{t\iota..\iota’}$ . $f_{Y.Z}arrow f_{Y.Z}\circ f_{\backslash ,Y}$ .
$f_{t’.Z}-f_{Y.Z}\circ f_{\mathfrak{l}t.\}}\cdot$ , $f\iota\iota.zarrow f\backslash ,z\circ f|\iota.x$
fivz $f_{\lambda.Z}\circ f_{it..1}$
(4) Hoiii$t(tl. Z)$ :
$fv\cdot.z\circ f\iota\tau\cdot.Y\underline{\backslash }f_{Y’.Z}\circ f_{\lambda’,Y}\cdot\circ f_{tt.Y}$
$N(t)_{n}(n\geqq 4)$ : .
Deflnition 3.8 ( $BOOI\backslash ’$ , Definition 1141.). simplicial category
SSets $=Sets\triangle$ ’r simplicial category ( simpli-
ciallv ) Cat $\triangle$ C
Theorem 3.9 (Cordier). (i) (BOOK, Definition 1.155) $S$ simplicial , $\mathcal{N}(t)$
$\mathcal{N}(S)$ $t$ , $S_{*}(t)$
simplicial catego , $\mathcal{N}(t)=\mathcal{N}(S.(t))$ . c
(ii) (BOOK. Proposition 1.15.10) , $S$ Kan , $\mathcal{N}(S)$
quasi category .
Corollary 3.10 (Lurie). simplicial model category $A$ , fibrant cofibrant
object $A^{f)}$ , $\vee(\mathcal{A}^{0})$ quasi category .
Remark. $To\dot{e}n- l- e\approx zosi$ Homotopical Algebraic Geometry






$Hom_{\backslash }\sigma’S^{\cdot}ets(\Delta^{n}. N(C))=Hom_{C’ ot\epsilon}([r].], C)$






Definition 3.11 (BOOK, Definition 1.1.5.1.). $J$ simplicial
$0[\triangle^{J}]$ :. $Ob(\iota\urcorner[\Delta^{J}])=J$.. $i.j\in J$.
$hlap_{\iota}\backslash |\triangle^{J}1^{(i.j)=}\{\begin{array}{ll}\emptyset if \gamma<iN(P_{i.j}) if i\leq j.\end{array}$
$P_{i}$ $\{I\subseteq J:(i, j\in I)\wedge(\forall k\in I)[i\leq k\leq j]\}$ .. $i_{0}\leq i_{1}\leq\ldots\leq i_{1}$ ,
$l\backslash Iap_{t}/(i_{0}, i_{1})\cross$ , . . $\cross$ Map$\iota\urcorner\ovalbox{\tt\small REJECT}\triangle^{J}|(i_{n-1}.i_{11})-\beta_{\backslash }Iap_{\iota\backslash [\Delta\cdot|}(.i_{0}. i_{n})$
$P_{i_{1\downarrow}.i_{1}}\cross$ . . . $\cross P_{i_{\prime-1},.i_{r\iota}}arrow P_{i_{()}.\dot{\iota},\prime}$
$(I_{1}\ldots., I_{I1})\mapsto I_{1}\cup\ldots\cup I_{n}$ .
simplicial $\urcorner\iota[\triangle^{J}]$ $J$ :
Deflnition 3.12 (BOOK. Definition 1.15.3.). $f$ : $Jarrow J’$
simplicial functor
$(\urcorner[f]:\urcorner[\Delta^{J}]-\backslash \iota[\Delta^{J’}]$
:. $i\in\urcorner\iota[\Delta^{J}]$ $\backslash _{\iota}[f_{J}^{1}(i)=f(i)\in\urcorner t[\Delta^{J’}]$ .. $i\leq j$ in $J$ $f$

















Definition 3.13 (BOOI$\backslash -$ . Definition A 3.21). $S$
$F:Carrow C_{0}$ weak equivalence
$hF$ : $hC-hC0$ equivalence of l$?S$-enriched categories
:
1. (fully faithful) $-X’,$ } $\in C$ ,
$\backslash \downarrow Iap_{C}$ ( $X$ . 1) $-I\backslash Iap_{C_{1\}}}(F(X). F(\}))$
$S$ weak equivalence.
2. (essencially surjective) $Y\in C0$ $hC0$ $X\in C$
$F(X)$ .
Deflnition 3.14 (BOOK, Definition 11.5.14.). $S$ homotopy category $hS$
simplicial V $[S]$ hoinotopv categorv $h\mathfrak{d}[S\overline{]\text{ . }hS\text{ }}\mathcal{H}-$
. $iL^{\backslash },$ $y\in S$ ,
lsiIap$hS(x, y)=[I\vee Iap_{(\urcorner}[s|(x. y)|$ ( ).
$f$ : $s-\tau$ categoricalequivalence $\mathcal{H}$- $hS-hT$
$\mathcal{H}$- .
Remark (BOOK, Remark 1. 15. 17).
$f$ : $S-T$ categorical $equi\tau^{t}alence$
$\approx \mathfrak{d}[S]arrow t\backslash [T]$ simplicial
$\Leftrightarrow|\iota\urcorner[S]|arrow|i1[T]|$
Proposition 3.15 (BOOK, Proposition 12.3.1.).
$h$ : SSets
$\underline{n[\cdot\}}$
Cat $\triangle=$ Cat $S3^{\neg}etsarrow hCat_{Ho(SSets)}=Cat_{7(}\underline{f\prime\prime\prime(\prime\prime:t}C_{c}\backslash t_{Set}=$ Cat




$Homss_{ets}$ $(X. N(C))=Hom_{t^{-},at}(hX, C)$
Proof ( $\pi 0$ , inclusioii)
SSet$s_{\backslash }inc1\prime usion\underline{\underline{\pi_{(1}}}$Set






$Honi_{SSets}$ (X. inclusion(E)) $=Hom_{Set}(\pi_{0}X. E)$
nerve functorN simplical nerve $\mathcal{N}$ :
Cat $\subseteq^{i}$ Cat $\triangle\underline{\backslash r}$ SSets.
$(h, N)=(h\circ\iota\backslash [\cdot], \mathcal{N}\circ i)$ :
$h$ : SS $’$$\urcorner N=Cat_{SS\epsilon t_{\hslash}}h\overline{\overline{i}}$Cat $S\epsilon t=$ Cat $:N$
Remark (BOOK. Remark 1.234.). $S$’ Joyal $hS$
$S$ fundamental category ,$\acute$ $S$ Kan $con\sim plex$ $/\iota S$









$[1]_{3^{\neg}}:=\underline{g}$ $X$ . $1^{r}$ $S$
$\ddagger\backslash I_{C}\backslash p_{[1|_{\backslash }\backslash }\backslash$
$(Z. Z’)=\{\begin{array}{ll}1_{S} if Z=Z’=X1_{S} if Z=Z’=\}.S if Z=X. Z’=\}^{:}\emptyset \end{array}$
if $Z=Y_{\mathfrak{k}}Z’=X$
$[$ 1 $]$ $S:=[1|_{1_{S}}$
[1] $\overline{s}:=2$ X. $1^{\wedge}$ $S$
$hlap_{|1]_{\overline{S}}}(Z. Z’)=1_{S}$ $\forall Z$ . $Z’\in\{X$ , $\}$ ’ $\}$









Deflnition 3.20 (BOOK, Definition A.2.4.1). $C$ left proper $i$




$i’$ weak equivalence .





$q’$ weak equivalence .
Proposition 3.21 (BOOK, Proposition A.24.2.). $C$ cofibrant
$C$ left proper .
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$f$ ; $F(.\lambda\cdot)$ – $]$ , $C$ $\overline{f.}$ : $-\backslash$ – $\overline{\}’}$
$F(\overline{f})=f$
Remark (BOOK. Remalk A 3.2.8.). $De./vn\cdot i.tior\iota\lrcorner 4.3.2.7$ $|).\cdot$
$\iota\iota\prime eakeqiii.\tau’ alences$ $eq\uparrow i,ii$ alences. fibrations $q\iota\iota asi- fibrati_{07\lambda S}$
1
$\check$
. [BOOK, Tlieorem A.32.24] $S=Sets$ $t\uparrow\dot{n}?ial$ model
structure ([BOOK. Exainple A.2.12])
Definition 3.27 (BOOK. Definition A 3.2.9.). $S$ $C$ $S$ -. $f$ in $C$ equivalence
$:=f$ homotopy class $[f]$ $hC$ .. $C$ locally fibrant
$:=\forall X,$ $\forall Y\in C$ , $Map_{C}(X. 1^{r})\in S$ fibrant object.. S- $F:Carrow c_{0}$ local fibration
$:=$ :
1. $\forall X,$ $\forall 1’\in C$ . $S$ Map$c^{(X,1’)}arrow$ $\backslash Iap_{C_{(1}}(FX, F1’)$ fibration
2. $h.C-hC_{0}$ quasi-fibratioi].
Definition 3.28 (BOOK, Defiiiition A.3.2.12 (Invertibility Hvpothesis).).
$S$ :. $S$ combinatorial. $S$ co\’{n}brant. $S$ weak equivalence filtered colimits stable
$S$ invertibility hypothesis :






$j$ $S$- $eq\iota iivalence$ .
iiivertibility hypothesis . $f$ $f$ $S$- $C$
$s_{J}C$
Definition 3.29 (BOOK, Definition A.3.2.16.). ms excellent
:
(Al) $S$ combinatorial.
(A2) $S$ cofibration . cofibrations products
stable
(A3) $S$ weak equivalences filtered colimits stable
(A4) $S$ coinpatible $i\underline{I}|$ :
$SxSarrow S$ left Qtiilleii $bif\iota inctoi$. ( $S$ ).
(A5) $S$ invertibility hvpothesis .
Remark (BOOK. Remark A.3.2.17). [BOOK, Definition A.3.2.16] $(A^{\vee}2)$ $S$
cofibrant $-$ $S$ left proper.
Example 3.30 (BOOK. Exaunple A 3.2.18 (Dwyer, Kan). ) SSets Kan
C’artesian excelle]it






[BOOK. Remaik 20.0 $\overline{)}.$ ]:




‘fibration $|$ Kan fibration $\Rightarrow$ categorical fibration
:
categorical equivalence $\Rightarrow$ (Kan ) weak equivalence
3.6 Quasi Category
36
4 Lurie quasi-category Yoneda’s Lemma
4.1 quasi-category Yoneda’s Lemnia
opposite :
Definition 4.1 (BOOK, 12.1). $S$ opposite $S^{op}$ :
$S_{n}^{op}$ $=$ Sn $S^{up}$ face degeneracy :
$(d_{i}:S_{n}^{op}-S_{n-1}^{\prime op})=(d_{ll-j}:S_{1\iota}-S_{r\iota-1})$





[BOOK] Jacob Luiie. Higher Topos $1^{1}’/|eor\iota/\cdot\cdot Atlg\iota 1st1$ . 2008. $735p$ .
[DAGI] .Jacob Luiie. DAGI -Stable Infinitv C’ategoiies. April 3. 2008, $81p$ .
[DAGII] Jacob Lurie. DAGII- $Noncomlnutati\backslash \cdot e$ Algebra, March 31, 2008. $171p$ .
$[$DAGIII] Jacob Lurie. DAGIII-Commutative Algebra. Apri13. 2008. 83]$)$ .
[DAGIV] Jacob Lurie. DAGIV-Deformation Theorv, $I\backslash Iarch31$ . 2008, $91p$ .
[DAGV] Jacob Lurie. DAGV- Structured Spaces. hIaich 31. 2008, $164p$ ;
[DAGVI] Lurie. J. Deiived Algebraic Geometry $\backslash ;1$ : Spectral Schemes.
[AGMC] Beitrand Toen and Gabriele Vezzosi. Algebiaic Geometry over model cat-
egories (a general appioach to derived algebraic geometrv), math AG-0110109.
51pages
[HAGI] Bertrand Toen aind Gabriele $\backslash$“ezzosi. Homotopical Algebraic Geometrv I: Topos
theory, math.AG-0207028. 71page$\backslash \cdot$
[HAG2] Bertrand Toen and Gabriele Vezzosi. Homotopical Algebraic Geometry II: Ge-
ometric stacks and applications. math.AG-0404373, $228pages$ .
$[Joyal|$ A. Joyal. Quasi-categories and Kan complexes. Journal of Pure and Applied
Algebra 175 (2002). $20_{\overline{l}}- 222$ .
[BoardmanVogt] J. M. Boardman and R. $I\backslash$ I. $\backslash /ogt$ . Homotopy Invariant Structures on
Topological Spaces. Lecture Notes in Mathematics 347. Springer-Verlag, Berlin
and New York. 1973.
$|DwyerKan|$ W.G. Dwvei$\cdot$ , and D.M. Kan. Simplicial localizations of categories. J. Pure
Appl. Algebra 17, (1980). 267-284.
[Rezk] Charles Rezk. Toposes and Homotopv Toposes.
http://www.math.uiuc.$edu/$ rezk$/homotopy$-topos-sketch.dvi
[SchwedeShipley] Stefan Schwede and Brooke E. Shipley, Algebras and modules in
monoidal model categories. Proc. London $1\backslash$ Iath. Soc. 80 (2000). 491-511.
[Hovey] M. Hovey. Model Categories. American $I\backslash \cdot Iathematical$ Society. 1998.
$[Hirshhorn|$ P. Hirschhorn. LIodel Categories and Their $I_{\lrcorner}ocalizations$ . Mathematical
Surveys and Monographs Volume 99. American $\wedge\backslash Iathematical$ Society. 2003.
[Ad\’a$mekRosicky|$ Ad\’amek and Rosicky. Locally Presentable and Accessible Cate-
gories. Cambridge University Press. Cambridge. 1994.
$[Kelly|$ G. M. Kelly.. Basic Concepts of Enriched Category Theory, London Mathemat-
ical Society Lecture Note Series $\backslash 0.64$ (C. U P.. 1982)
http: $//www.tac$ .mta.ca/tac/reprints/artiCleS/10/tr10.pdf
[ ] Lurie , Proceedings of the $34th$ Syrnposium on Trans-
formation Groups. Wing Col, Ltd. Novembei 2007, p. 107-p. 116.
http: $//www$ .wakayama-u.ac.ip/kawa/math/34th/minami. pdf
40
